Partial derivatives and differentials

The definition of partial differential and differentials is a little harder, we will not deal with it here and you,
of course, learn it in way your professor requires. We will try to teach you how to solv some types of tasks...

First a few words about labeling: usually we have function z = z(x, y), so:
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™ — stands for partial derivative “ by x”
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% — stands for partial derivative “ by y”
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a_j — stands for double partial derivative "by x" and is calculated —Z = 82(2_
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a—i — stands for double partial derivative "by y" and is calculated —Z = —(Z—j
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Here is the most important thing to remember the following:
— When looking for a partial derivative ""by x" then treat y as a constant (number)

— When looking for a partial derivative ""by y'" then treat x as a constant (number)

Example 1.

Determine the first partial derivatives of function z=x"+3>—-2x+3y

Solution:

: ) . o : .
First look 8_2 —> partial derivative “ by x”. This means that y is a constant. z = x° + —2x +
X

We know that the derivative of the constant is 0 when not connected to a function, so :
z=x"+y>—2x+3y

%=2x+0—2+02
X



Now look for partial derivative “ by y:
z=|x*|+)’ —+ 3y constants are rounded, and the derivative of them is 0

z=x"+y>=2x+3y

%:0+2y—0+3: 2y+3
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Example 2.

Determine the first partial derivatives of function z=3x’y—6xy+5y>+7x—12y

Solution:

z=3xy—6xy+5y" +7x—12y
%=3y-3x2—6y-1+0+7—0: Ix’y—6y+7
X

Now, constants are related to the function, rewrite them, and look normal derivative of a function “by x”, for
Example: for 3x’y constant is 3y and derivate from x° is 3x”.

To find the first partial derivative “by y”:

z=3xy—6xy+5y" +7x—12y
oz

oy

=3x-1-6x-1+10y+0-12=3x’ —6x+10y 12




Determine the first partial derivatives of function z= 3x +7_y
y X
Solution:
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%=3x-(—i2)+1-1 = —3—f+1
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Determine the first partial derivatives of function u =In(x+ ?)
Solution:
Watch out, here we have a complex functions derivative:
u=In(x+y%)
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(x+y*) = (0+2y)=
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Determine the first partial derivatives of function z=x"

Solution:

z=x"
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a—:y.xy Here we work as (x°)=0-x
X

% =x"-Inx

dy

For the partial derivative “by y” work as: (a’)=a’ Ina



xX+y

x*+y°

Determine the first partial derivatives of function z=

Solution:

Here we work as a (z)‘:w
v v
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Determine the first partial derivatives of function u =In(x’ + > +2z%)
Solution:

u=In(x>+y"+2z%)

ou 1 s 2 1 2x
—_— (X" + +z :—-2x:—
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Determine the first partial derivatives of function u = (ij

Solution:
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Find — =7, =7, =?, —5 =7 forfunction z=3x"y—6xy+5y" +7x—12y
ox Ox0Oy 0y0x oy

Solution:

Of course, first we find the first partial derivatives:

z2=3xy—6xy+5y" +7x—12y

%:3y-3x2—6y-1+0+7—0= 90Xy —6y+7

X

0Oz 3 3

a—=3x 1-6x-1+10y+0-12=3x" -6x+10y—12
v

Now using them look further:
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—=9x’y—6y+7
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& _ 3x° —6x+10y—12
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0z a(—j=—(9xy 6y+7)=[9x" 6|
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0z _0(& :—(3x —6x+10y-12)=[9x* —¢|
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0z _0[%_ 9 3¢ —6x+10y-12)=[10]
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Example 10.
2 2 2 2
Find $Z=2 92 -9 9% 9 Z_ 5 gorfunction z=e”
Ox Oxdy Oyox oy
Solution:
z=¢e"
0z oz
—=e"-(xp),, =€ -y=ye¥ > |—=ye”
ax ( y) by x y y ax y
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Example 11.

Showthat >4+ L % _o i —p

yox Inxoy

Solution:

In this type of task, first we find the partial derivatives that occur in the task (here on the left side of the equality)

Replace them and arrange to get the right side:

z=x
0z O
el
ox 4
%zx} ‘Inx
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Now rewrite the left side and replace partial derivatives:
X Oz N 1 0z

yox Inxaoy
?-/xy_”r}ﬂl{-xy%:

x’+x"=2x"=2z

We prove the required equality!

Show that x%—y% =x if z=x+¢@(xy)
ox oy

Solution:

z=x+¢(xy)
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replace this in:



x(I+y-@(p)-—y-x@(xy)=

x+ DPT) — 0p) =[x

We got the right side of equality.

Show that y%—x%zo if z=p(\x"+)%)
X

Solution:

z=p(x*+y’)
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TOTAL Differential

Thus, we find partial derivatives and replace them in the formula...

Example 14.

for function z=1z(x,y) mark as

dz :%dx+%dy
ox oy

Find the total differential of the following functions:

a) z=x"y
b) u=
) xZ + y2
Solution:
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z=x"y
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is required by the formula:



Now replace in this formula:

du =2 + O g +‘2—”dz

ox oy
du = — zzxzzzdx— 22yzzzdy+ 21 _dz
(x"+y%) (x"+y%) X +y

If the tasks require higher-order total differential, then we do, for example:

For wu=u(x,y) is du= Z—udx + ou dy and total differentials of the second and third row would be:

X oy
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du = (2% e+ 24 gy ——zd 1 O dxdy+6—’;‘dy2
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d3u=(a—u —d) d +3 oy dx’dy +3 Ou dxdy’ +6 3dy3
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If u=x"+y’-3x’y+3xy” ,find d°u
Solution:

u=x+y =3x’y+3xp’
ou 0’

X3 —6xp+31° > L = 6x—6
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du =a—d g 0 dxdy+6—’;‘dy2
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d’u = (6x—6y)dx” +2(~6x +6y)dxdy + (6 + 6x)dy’
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